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Abstract
By using a small rotation approach, we show that it is possible to obtain well behaved perturbed
solutions for the amplitude of the electromagnetic field propagating in a photonic waveguide array. This
array mimics the propagation of a quasiparticle among the sites of an infinite one-dimensional chain.
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1 Introduction
The analogy between linear lattices and quantum mechanical interactions [1] has been a fundamental step for
the emulation, via classical systems, of quantum mechanical interactions such as the atom-field interaction,
and, as a consequence ion-laser interactions [2, 3]. This is not only important because of pure scientific
reasons but also because of the possible applications in quantum information processing. In this latter
case, the properties of classical systems have been used to realize quantum computational operations by
quantum-like systems and, in particular, it has been show how a controlled-NOT gate may be generated
in nonhomogeneous optical fibers [4]. At a fundamental level, e.g., it has been possible to the emulate the
most basic atom-field interaction, the Jaynes-Cummings model, theoretically [5] and experimentally [6] with
arrays of photonic waveguides; and, just to give another example, it has been proposed to model non-linear
coherent states [7] in waveguide arrays [8]. Linear coherent states have also been modeled via linear arrays
of photonic waveguides [9].
The analysis we produce here is twofold. On one hand we produce an analogy of a quantum system by using
a classical one, while, on the other hand, we introduce concepts and techniques not know to the classical
optics community that may serve them as powerful tools for their analysis of non-integrable problems.
2 Diatomic waveguide arrays
In a diatomic photonic waveguide the field amplitude in each way is obtained form the infinite system of
coupled ordinary first order differential equations [5]
i
dun
dz
= ω(−1)nun + α(un+1 + un−1), n = −∞, ...,∞, (1)
where α and ω are arbitrary constants. The field at z = 0 may be given, in general by un(z = 0) = ψn, for
which we only ask to be normalized.
By itself, the solution of the problem represented by the system of equations (1) is interesting, but it will
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be shown as well that this array can mimic the propagation of a quasiparticle among the sites of an infinite
one-dimensional chain. In order to solve it, the techniques of quantum optics are utilized; we can associate
with the system (1) a Schro¨dinger-like equation
i
d|ψ(z)〉
dz
= Hˆ |ψ(z)〉, (2)
subject to the initial condition |ψ(z = 0)〉 =
∑∞
m=−∞ ψm|m〉. The ”Hamiltonian” of this Schro¨dinger-like
equation is given by
Hˆ = ω(−1)nˆ + α(Vˆ + Vˆ †), (3)
and the linear operators Vˆ and Vˆ † are defined as
Vˆ ≡
∞∑
n=−∞
|n〉〈n+ 1|, Vˆ † ≡
∞∑
n=−∞
|n+ 1〉〈n|, (4)
acting over the vector space generated by the complete and orthonormal set {|n〉;n = −∞, ...,+∞}.
One physical realization of the Hamiltonian (3) corresponds to the propagation of a quasiparticle among the
sites of an infinite one-dimensional chain, when the difference in the site energies at alternate sites is taken
to be 2ω and the nearest-neighbor matrix element for site-to-site transfer is α ([10]). Thus, as we already
said, the diatomic waveguide array mimics the propagation of quasiparticles.
If we propose as solution of the Schro¨dinger-like equation (2) the expansion
|ψ(z)〉 =
∞∑
k=−∞
un(z)|n〉, (5)
we obtain for the coefficients un(z) = 〈n|ψ(z)〉 the infinite system of first order ordinary differential equations
(1). Thus, by solving the Schro¨dinger-like equation 2 means to solve the system 1.
The operators Vˆ and Vˆ † are the Suskind-Glogower operators (that are the exponential of the quantum phase
operator), and its action on the states |n〉 is
Vˆ |n〉 = |n− 1〉 and Vˆ † |n〉 = |n+ 1〉 . (6)
3 Exact solution
The formal solution to the Schro¨dinger-like equation (2) is
|ψ〉 = e−izHˆ |m〉, (7)
where the Hamiltonian Hˆ is given by (3) and where we have already used the initial condition |ψ(0)〉 = |m〉.
Because of the commutation relations of the operators involved in the Hamiltonian is not simple, one can
not give a closed form for the evolution operator. In order to give a solution, we will make a change of basis,
we will go from the discrete basis {|n〉; n = −∞, ...,∞} to a continuous basis defined by (the Fourier series)
|φ〉 =
∞∑
n=−∞
einφ|n〉. (8)
The inverse transformation is clearly
|n〉 =
1
2pi
∫ pi
−pi
dφe−inφ|φ〉. (9)
Therefore, the solution to the Schro¨dinger-like equation can be written as
|ψ〉 =
1
2pi
∫ pi
−pi
dφe−imφe−izHˆ |φ〉. (10)
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Thus, we have to analyze only the last part of the above equation, the action of the operator e−itHˆ on |φ〉.
We write the definition of the exponential operator, we split the series in even and odd powers, we use that
Hˆ |φ〉 = ω|φ+ pi〉+ 2α cosφ|φ〉, (11)
Hˆ2|φ〉 = Ω2|φ〉, (12)
and
Hˆ2|φ+ pi〉 = Ω2|φ+ pi〉, (13)
where
Ω(φ) =
√
ω2 + 4α2 cos2 φ. (14)
and we get
|ψ〉 =
1
2pi
∫ pi
−pi
dφe−imφ
[
cos(Ωz)|φ〉 − i2α cosφ
sin(Ωz)
Ω
|φ〉 − iω
sin(Ωz)
Ω
|φ+ pi〉
]
.
To obtain the solution to the infinite system of differential equations, we recall that by definition un = 〈n|ψ〉
and that 〈n|φ〉 = einφ, so
un(z) =
1
2pi
∫ pi
−pi
dφe−i(m−n)φ (15)
×
{
cos[Ω(φ)z]− i2α cosφ
sin[Ω(φ)z]
Ω(φ)
− (−1)niω
sin[Ω(φ)z]
Ω(φ)
}
.
As the waveguide array is symmetric and infinite, we do not loose generality at all if we consider that the
”central” waveguide is shined (m = 0). If the initial state is |m〉 = |0〉, and the parity properties of the
functions involved are used, the result is reduced to
un(z) =
1
pi
∫ pi
0
cos(nφ)
{
cos[Ω(φ)z]− i [2α cosφ+ (−1)nω]
sin[Ω(φ)z]
Ω(φ)
}
dφ (16)
Note that this solution satisfies the initial conditions. Indeed, if z = 0 we get un(z) =
1
pi
∫ pi
0 cos(nφ)dφ that
it is equal to δn,0. Also note that if there is no interaction between the guides; i.e., α = 0, we obtain
un(z) = e
−i(−1)nωzδn,0 (17)
that it is the solution of the trivial system of equations obtained.
In Figure 1, we present the behavior of the exact solution of the guides 0 to 10, with ω = 1 and α = 0.3 for
z from 0 to 100. For symmetry reasons the behavior of the guides −1 to −10 is exactly the same.
4 Small rotation
We consider the case in which the parameters obey α≪ ω, and transform the Hamiltonian
Hˆ = ω(−1)nˆ + α(Vˆ + Vˆ †), (18)
via the unitary transformation
Rˆ = e
α
2ω (−1)
nˆ(Vˆ+Vˆ †), Rˆ† = e−
α
2ω (−1)
nˆ(Vˆ+Vˆ †), (19)
such that HˆR = RˆHˆRˆ
†. We use the relation esAˆBˆe−sAˆ = Bˆ + s[Aˆ, Bˆ] + s
2
2! [Aˆ, [Aˆ, Bˆ]] + . . . and note that we
can cut the series to second order because α≪ ω [12], obtaining
HˆR ≈ ω(−1)
nˆ +
α2
2ω
(−1)nˆ(Vˆ + Vˆ †)2. (20)
3
Figure 1: Exact solution of the guides 0 to 10 (for symmetry reasons the behavior of the guides −1 to −10
is exactly the same) with ω = 1 and α = 0.3 for z from 0 to 100
Because the parity operator (−1)nˆ and the operator (Vˆ + Vˆ †)2 commute, we can obtain the propagator
operator, UˆR(z) = exp(−iHˆRz), as the product
UˆR(z) = e
−iωz(−1)nˆe−i
α2z
2ω (−1)
nˆ(Vˆ+Vˆ †)2 (21)
and the propagator associated to (18) is then
Uˆ(z) ≈ Rˆ†e−iωz(−1)
nˆ
e−i
α2z
2ω (−1)
nˆ(Vˆ+Vˆ †)2Rˆ. (22)
Expanding the square in the exponential, using once more the commutativity between (−1)nˆ and the squared
Vˆ operators and after some trivial algebra, we can write the ket |ψ(z)〉 as
|ψ(z)〉 = Rˆ†e
−iz
(
ω+α
2
ω
)
(−1)nˆ
e−i
α2
2ω z(−1)
nˆ[Vˆ 2+(Vˆ †)2]Rˆ|ψ(0)〉, (23)
with |ψ(0)〉 the initial condition related with the waveguide that is shined. As i(−1)nˆ(Vˆ †)2 =
[
−i(−1)nˆVˆ 2
]−1
,
we may develop the second exponential above in terms of Bessel functions by using their generating function
and obtain
|ψ(z)〉 =
∞∑
k=−∞
(−i)kJk
(
α2z
ω
)
Rˆ†Vˆ 2ke
−iz
(
ω2+α2
ω
)
(−1)nˆ [
(−1)nˆ
]k
Rˆ|ψ(0)〉. (24)
Using that (−1)nˆVˆ † = −
[
(−1)nˆVˆ
]−1
, again the properties of the V operators and the generating function
of the Bessel functions, we can write the following explicit expressions for the operators Rˆ and Rˆ†,
Rˆ = e
α
2ω (−1)
nˆ(Vˆ+Vˆ †) =
∞∑
j=−∞
Jj
(α
ω
) [
(−1)nˆVˆ
]
j , (25)
and
Rˆ† = e−
α
2ω (−1)
nˆ(Vˆ+Vˆ †) =
∞∑
µ=−∞
(−1)µJµ
(α
ω
) [
(−1)nˆVˆ
]
µ, (26)
that after being substituted in Equation (24) give us
|ψ(z)〉 =
∞∑
k=−∞
∞∑
j=−∞
∞∑
µ=−∞
(−i)k(−1)µJk
(
α2z
ω
)
Jj
(α
ω
)
Jµ
(α
ω
)
Vˆ 2k
[
(−1)nˆVˆ
]µ
e
−iz
(
ω2+α2
ω
)
(−1)nˆ [
(−1)nˆ
]k [
(−1)nˆVˆ
]j
|ψ(0)〉.
(27)
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It is possible to show that [
(−1)nˆVˆ
]j
|m〉 = (−1)jm−
j(j+1)
2 |m− j〉 (28)
for j positive and negative; so considering the initial condition |ψ(0)〉 = |m〉, and after some algebra
un(z) =〈n|ψ(z)〉m = (−1)
m(m−1)−n(n−1)
2
∞∑
k=−∞
∞∑
j=−∞
(−1)k(m−j)
e
−i (−1)m−j
(
ω2+α2
ω
)
z
ikJk
(
α2z
ω
)
Jj
(α
ω
)
Jn−m+2k+j
(α
ω
) (29)
is obtained.
If we consider that the ”central” waveguide is shined (m = 0), we get
un(z) =(−1)
n(n−1)
2
∞∑
k=−∞
∞∑
j=−∞
(−1)jke
−i (−1)j
(
ω2+α2
ω
)
z
ikJk
(
α2
ω
z
)
Jj
(α
ω
)
Jn+2k+j
(α
ω
)
,
(30)
that is the final solution in this approximation.
Using that
∞∑
j=1
[Jj (x)]
2 =
1
2
{
1− [J0 (x)]
2
}
, (31)
and that
∞∑
j=−∞
Jj (x) Jn+j (x) = 0, (32)
it is possible to show that the initial conditions are satisfied. It is also easy to verify that in the special case
when α = 0, we get the correct very well known trivial solution. In Figure 2, we compare the exact solution
Figure 2: Comparison between the exact numerical solution (continuous line) and the small rotation approx-
imation solution (dashed line) for ω = 1 and α = 0.1, for the first three guides
and the small rotation approximation for α = 0.1 and in Figure 3 for α = 0.3 giving still good accuracy even
for larger α’s.
The small rotation approach is similar to adiabatic elimination in the case of atoms interacting with quantized
light, where, effectively atomic levels may be eliminated by a proper rotation. In our case, it has the same
meaning as the diatomic waveguide array may be viewed as a two level system [5], and we effectively obtain
5
Figure 3: Comparison between the exact numerical solution (continuous line) and the small rotation approx-
imation solution (dashed line) for ω = 1 and α = 0.3, for the first three guides
a one level system, which is integrable.
It must be remarked that a traditional Rayleigh-Schro¨dinger pertubative solution of equation (2) can
be investigated. Considering ω(−1)nˆ as the non-perturbed part, Vˆ + Vˆ † as the perturbation, and α as the
”smallness” parameter, the solution obtained to the initial system of differential equations (1) is
un(z) =e
−(−1)miωzδn,m +
∞∑
k=1
αk
(−1)mk
2k
[
k
2
]
!ωk
{e−izω(−1)
m+k
Pk
[
2izω(−1)m+k
]
+ eizω(−1)
m+k
Qk
[
2izω(−1)m+k
]
}
k∑
j=0
(
k
j
)
δn,m+k−2j
(33)
where [k] is the entire part of k, and Pj(ξ) and Qm(ξ) are polynomials. The two families of polynomials
satisfies the recurrence relations
R2j(ξ) = (2j − 1)R2j−1(ξ) − ξR2j−2(ξ), j = 1, 2, 3, · · · (34)
and
R2j+1(ξ) = −2R2j−1(ξ) + ξR2j−1(ξ), j = 1, 2, 3, · · · (35)
where R, stands for P or Q. The ”P” family starts with the initial polynomials
P0(ξ) = 1, P1(ξ) = −1 (36)
and the ”Q” family with
Q0(ξ) = 0, Q1(ξ) = 1. (37)
However, as it is shown in Figure 4, this approximated solution diverges with time. The Rayleigh-Schro¨dinger
perturbation approach had already been proposed previously by Rother [13], and he also found convergence
problems. To overcome this convergence problem the small rotation approach is proposed.
5 Conclusions
As the traditional Rayleigh-Schro¨dinger perturbation approach to the Schro¨dinger type equation (2) gives
rise to convergence problems, a small rotation approximation method is applied; the convergency problems
are eliminated, and in the small rotation situation we can obtain, to a good degree of accuracy, approximated
solutions to the problem of light propagating in waveguide arrays.
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Figure 4: Comparison between the exact numerical solution (continuous line) and the Rayleigh-Schro¨dinger
perturbative solution to third order (dashed line) for ω = 1 and α = 0.3, for the first two guides.
The small rotation assumption used corresponds, in the case of the propagation of a quasiparticle among the
sites of an infinite one-dimensional chain, to suppose that the nearest-neighbor matrix element for site-to-site
transfer is small.
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